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What is Model Free Finance?



What is Model Free Finance?

Usual approach to pricing an option with maturity 7" and underlying (S:);c[o,7] and
pay-off ®(7T') at maturity 7"

1. Select a class of models 91 suitable for the problem. Each M(6) € 9 is specified
by a finite dimensional parameter vector 6.

2. Calibrate the model using market data i.e. choose 0 s.t. the mean-square error

A~

between M (6) and the market prices of the traded options is minimal.

3. Compute the option value as py = Eyle "7 ®(T')] (under the model M (0)).

Problem: Different models may give different prices!

= What can we say about the value of an option with pay-off given only current
market data?



Challenges of Model Free Finance?

= get rid of probabilistic model, but (at least) two problems:
e What does "no arbitrage” even mean if there is nothing like risk?
e how to interpret SDEs like
dSt = MStdt + O'StdBt, S() == f

without the Ito framework?



Arbitrage Problem

Theorem
Let (2, F,P) be s.t. S is a semi-martingale. Then the following are equivalent

e 1 equivalent local-martingale measure Q
e S satisfies no free lunch with vanishing risk (NFLVR)
e no arbitrage (NA) & no arbitrage of the first kind (NA1)

"The crucial point is that (NA1) is the essential property which every market model
has to satisfy, whereas (NA) is nice to have but not strictly necessary” (p. 9, [PP16]).

= Reformulate arbitrage as what can be replicated without infinite debt, along the
lines of (NA1)



Integration Problem

More generally, when does

t

make sense?

Framework ‘ H ‘ M
Basic simple anything
Riemann o Ct
Riemann-Stieltjes P BV
Young o+ > 1 ce cP
Follmer VF(M.) quad. variation < oo
Ito cont. adapted | cont. L? semi-martingale




Integration Problem: Solution?

Two proposed solutions:

(1) Topology on space of paths making the integral continuous
-+ no restriction of possible price paths
- not a Banach space theory

(2) Rough path integral
-+ Banach space theory, extending Riemann Stieltjes, Young, Follmer, ...
- restricted set of price paths, but still defined for all "typical” price paths
- no immediate financial interpretation of compensation terms
- needs an a priori definition of integration for second-order increment



Notation |

e T € (0,00)
e weQ=C(0,T),RY
® (St)icfo,1] is the coordinate process i.e. Vw € Q@ Sy(w) = w(t)

® (Ft)elo,) is the natural filtration with F := o(Ss : s < 1)



Notation Il

Recall: A process H : Q x [0,7] — R? is called simple strategy if 30 = 79 < 71 < ...
and F;-measurable bounded functions F}, :  — R% s.t. for every w € © we have
Tn(w) = oo for all but finitely many n € N and

=3 Fulw) iy @) (B): (w,1) € 2 [0,T). (3)

neN

Its integral against S is given by

(H Z Fy( Tn+1/\t( w) — STn/\t(w))' (4)

neN

For A > 0, a simple strategy is called A-admissible (€ ) if (H - 5);(w) > —A for
every (w,t) € Q x [0, 7.



Outer Measure, Superhedging, and
Arbitrage
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Outer Measure (not probability) = Arbitrage & Topology

Definition
Let A C Q. Then

P(A) = inf {)\ > 05 3(H Jnen © Hs.t.liminf(A+ (H" - §)p(w)) > La(w)Ve € Q}
(5)
is the cheapest superhedging price for 14.
- Note P(Q) < 1 by choosing H" = 0.
- P defines an outer measure on ).
This has nothing to do with "how likely is this path to happen”!
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Typical Price Paths and Sets with P(A4) =0

Sets of outer measure 0 have an arbitrage interpretation!

Lemma
Let A C Q. Then P(A) =0 if and only if there exists a sequence (H"),en C Hy s.t.

lim inf(1+ (H" - $)r(w)) > 00 14(w) (6)

i.e. P(A) =0 if infinite profit can be made from investing in the paths of A, while
risking no more than 1.

"Property P holds for typical price paths” :< "property P holds for all w ¢ A”
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Proof of Lemma

Proof.
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Link to Classical 0-Sets

Proposition
Let P be a probability measure on (2, F) s.t. S is a P-local martingale, and let
A€ F. Then P(A) < P(A). In particular, P(A) = 0 implies P(A) = 0.

Proof.
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Model Free Arbitrage

Definition
A map X : Q — [0,00) is called model free arbitrage opportunity if X # 0 and if
there exists a ¢ > 0 and a sequence (H"),en C He s.t.

liminf(H" - S)r(w) = X(w), w € Q. (7)

n—oo

Relation to classical arbitrage: See prop. 2.6 and 2.7
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Topology and Ito Type Integration
as a Continuous Operator
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Classical Ito Isometry

Classically, we have the Ito isometry:

([ nas)

N H T HdM,

T
B _E [ /0 H§d<M>s} < E[||H2] ooy (M) 7]

2
, is controlled by the quadratic variation of M and the size of H.

(8)
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Model Free lto Integration

Lemma

There exists an increasing sequence of (random) partitions (each consisting of
stopping times) (0}}(w) : k € N),en s.t. a typical price path w € Q has quadratic
variation along i.e. the sequence

, s 2
V@) = 30 (St @) = Sppin@)) s tE0TIneN,  (9)

converges uniformly to a function (S*) € C([0,T],R?) fori=1,...,d when n — cc.
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Model Free Version of Ito’s " Isometry”

Lemma
Let F be a step function and d = dimR®. Then for any a,b,c > 0 we have

2
P17 Sl 2 abv@ 1 {IFl < ) 0 (S < ) < 2000 (—37)  (10)

= ||F - S||oc can be controlled in terms of ||F||o and (S)r.
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Topology on Space of Processes

Define
e the set
Lo([0,T],RY) := {Q x [0,T] — R} /{X; = Y; for typical price paths for every t}.

e an expectation operator

E[X] :=inf{\ > 0: I(H")pen C Has.t. lirginf(/\—l—(H"-S)T(w)) > X(w)Vw € Q}

(11)
e a metric doo(X,Y) := E[|| X — Yl A 1] making Lo([0, T],R?) into a complete
metric space
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Integral as Continuous Operator?

Want H — (H - S) to be continuous w.r.t.

(ZO([Ov T]’Rd)» doo) - (ZO([()? T]v Rd)v doo)'

but that does not work!

Example

(12)
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Intuition? Solution?

Consider the situation for ds on [0, 00) instead of d.S on .

We have

—0 (13)

But

-t (14)

o0

does not converge uniformly over t.

Solution: Consider compact convergence i.e. || fnlkl|lcoc = 0 V compact K C [0, 00)
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Integral as Continuous Operator?

Instead, use control of H — (H - S) via (S)7 !
(ZO([()? T]? Rd)? doo) - (ZO([()? T]v Rd)a dloc)'

with

dioe(X,Y) := Y 2" E[(|X =Yoo A1) 15y, <2-ny]
i=0

=idy—n (X,Y)

(15)

(16)
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Integral as Continuous Operator!

Idea: Let F,G € Ly be simple. For any ¢ > 0

E[|(

F—-G)- SHool{ T<c}1{||F—G||ooSa}1{\\<F—G>-S||m2abﬁ}]
(F' = G) - Sllooli(8)r<ct L{I F=Gllow>a} L{||(F~C)-5]| o 2aby/e} ]
E[|(F = G) - Sllocl(s)r<c} L{j|(F-G)-Sl|so<aby/ey]

2
§2exp(—;)d> +d (F G) +aby/c
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Conclusion of Model Free Ito Integration

Theorem

Let F' be an adapted, cadlag process with values in R?. Then there exists

[ FdS € Ly([0,T],R) s.t. for every sequence of step function (F") satisfying

limy, o0 doo (F™, F') = 0 we have lim,,_,o0 djoc((F™ - S), [ FdS) = 0.

The integral process [ F'dS is continuous for typical price paths and there is a
representative which is adapted, although it takes valued in R. The map F [ FdS
is linear and satisfies

dioc ( / Fds, / GdS) S doo(F, G275 (17)

for every € > 0.
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Rough Path Integration for Typical
Price Paths
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p-Rough Paths

Definition
Let p € (2,3). A p-rough pathisa map S = (S, A4) : Ap — R? x R4 s t.
ANA [S]y—sar + [l 2var < 0
CHEN A;;(s,t) = Asj(s,u) + Aij(u, t) + Si(s,u)S;(u,t)
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Controlled Rough Paths

Definition

Let p € (2,3) and ¢ > 0 s.t. %4— % > 1. Let S = (S, A) be a p-rough path,
F:[0,T] = R", and F':[0,T] — R4 A pair (F, F') is controlled by S if the
derivative F’ has finite g-variation and the remainder Rp : A7 — R", defined by

RF(S,t) = st FSIS&t (18)

has finite r-variation with % = ]13 +
together with the semi-norm

%. Denote collection of those (F, F') by %4,

||(Fa F/)H%g = ||F/||qfvm" + ”RFHrfvar (19)

The norm |Fy| + |Fg| + [|(F, F")||4s makes € into a Banach space.
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Integral of Controlled Rough Paths

Theorem

Letp € (2,3) and ¢ > 0 s.t. % + % > 1. Let S = (S, A) be a p-rough path and
(F,F') € €. Then there exists a unique function [ FdS € C([0,T],R™) which
satisfies

t
/ FudSy — FySsy — FLA(s, t)' (20)

SJ HSHP—U(ZT7[S,t] HRFHT—Uan[s,t] + HAHp/Q—van[s,t] HF,Hq—var,[s,t] (21)

for every (s,t) € Ar. Furthermore, we have

for any partition with mesh going to 0. 30



Continuity of the Ito-Lyons Map

Proposition

Letp € (2,3) and ¢ > 0 s.t. %%— % >0. Let S = (S, A) and S = (5’,[1) be two
p-rough paths, and let (F, F') € ¢4 and (F,F’) € ‘Kgq. Then for every M > 0 there
isaCy >0 s.t.

’/ FSdSS—/ F,dS,
0 0 p—var

< Cu(|Fo — Fol + [Fg — Byl + |F' = F'llg—var
+ ||RF - Ri”r—var + HS - g”p—var + HA - A||p/2—var)

= rough integration is locally Lipschitz
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Typical Price Paths are Rough Paths

Theorem
For (s,t) € Ap, w € Q and 1 <i,j < d define

A (w / SEdSI (w w)S? 4 (w / SEdS (w / SidSi(w)— Sk (w)S? 4 (w)

(23)
where [ SidS7 is the the model free Ito integral. If p > 2, then for typical price paths
A = (A")1<; j<q has finite p/2-variation, and in particular S = (S, A) is a p-rough
path.
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Recap & Discussion
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Conclusion

e gives approximation of rough path integral through non-anticipating,
non-compensated Riemann sums

e does not give explicit formulas for (say) the price of an option

e The integral fg F,dSs involves the values of .S all the way up to t. If those are not
observable, what to do?
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